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1. INTRODUCTION

The purpose of this article is to provide an overview of Gary Lorden’s significant contri-
butions to the field of sequential analysis. But first, to give a sense of Lorden’s remark-
able life and personality, in Sections 1.1 and 1.2 we give a brief biography of Lorden
and highlight some of his extra-academic work.

1.1. Biographical Sketch

Gary Allen Lorden was born in Los Angeles, California, on June 10, 1941. Lorden
entered Caltech as a freshman in 1958, and Lorden’s undergraduate contemporaries at
Caltech included a number of others who would also go on to be notable statisticians,
including Larry Brown, Peter Bickel, Brad Efron, and Carl Morris. Lorden received a
B.S. from Caltech in 1962 and a Ph.D. from Cornell University in 1966 under the
supervision of Jack Kiefer. After a faculty position at Northwestern University, Lorden
rejoined Caltech in 1968, where he stayed until his retirement in 2009. Figure 1 shows
some photos of Lorden at different stages of his career.

Beyond research and teaching, Lorden was known for his leadership roles at Caltech.
He served as dean of students from 1984 to 1988, vice president for student affairs from
1989 to 1998, and acting vice president for student affairs in 2002. He was executive
officer (Caltech’s version of department chair) for the mathematics department from
2003 to 2006.
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Figure 1. Counterclockwise from top: Gary Lorden as an undergraduate at Caltech in 1959, lecturing
in 1987, and lecturing circa 2010. Photos courtesy of Caltech.

Gary and his wife, Louise, were both accomplished pianists and enjoyed playing and
singing duets for guests, often students, at their home in Pasadena. They also enjoyed
showing students how well they danced together. Lorden also liked to act and regularly
participated in plays put on at Caltech.

Lorden passed away on October 25, 2023, at the age of 82. He is survived by his chil-
dren Lisa and Diana; his wife Louise passed away in 2015.

1.2. Consulting, Hollywood, and Major League Baseball

Lorden was known for his creativity and generosity of ideas, so it is not surprising that
throughout his career he was in demand as an academic collaborator and consultant,
and much of his early work on change point detection arose from collaborations with
researchers at the Jet Propulsion Laboratory in Pasadena, California, which is managed
for NASA by Lorden’s home institution of Caltech.

But Lorden was also an uncommonly effective, engaging, and entertaining communi-
cator, and this caused many outside academics to seek him out as a consultant, too.
Lorden would routinely be interviewed by reporters and appear on the evening news,
explaining things like the odds of winning the latest lottery jackpot. Lorden also
“moonlighted” as an expert witness in court cases involving statistics and math.
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Eventually Hollywood came calling, and in 2005 Lorden was asked to be the math
consultant for a (then) new CBS television show called NUMB3RS. In a bit of art imitat-
ing life, the show was about a Caltech professor who used math to help the FBI solve
crimes, and Lorden worked with the show’s writers to accurately incorporate mathemat-
ical topics into the storylines. An aspect of the relationship that Lorden particularly rel-
ished, which he related to us, was that the show’s creators initially considered setting
the show at MIT (Caltech’s rival) but decided to change the venue after learning more
about Caltech and Lorden. The show would go on to be a hit, running for 118 episodes
over six seasons. If a viewer of the show knew something of Lorden’s work, they could
see some of his favorite topics (and many topics discussed below in this article) woven
into the episodes’ plot lines, including change point detection, hypothesis testing,
Bayesian methods, gambling math, cryptography, and sports statistics, among others.
With Keith Devlin, Lorden wrote a popular general audience book (Devlin and Lorden
2007) on the mathematical topics appearing in the show. For example, Devlin and
Lorden (2007, ch. 4) explained the basic concept of change point detection—the deter-
mination that a definite change has occurred, as opposed to normal fluctuations—and
went on to discuss this method’s importance for quick response to potential bioterrorist
attacks and for designing efficient algorithms to pinpoint various kinds of criminal
activity, such as to detect an increase in crime rates in certain geographical areas and to
track changes in financial transactions that could be criminal.

Another high-profile consulting project came in 2018 when Lorden, Bartroff, and others
were chosen by the commissioner of Major League Baseball (MLB) to be statisticians on a
committee with physicists, engineers, and baseball experts studying MLB’s then-recent
surge in home runs. The committee studied vast amounts of Statcast game data, as well as
laboratory tests on the properties of the baseball that can affect home run production,
including Lorden traveling to Costa Rica to inspect baseball manufacturer Rawlings’ pro-
duction plant there. The committee made recommendations (Nathan et al. 2018) to MLB
and Rawlings for future monitoring, testing, and storage of baseballs.

1.3. The Remainder of This Article

The remainder of this article is devoted to describing Lorden’s fundamental and far-
reaching results in sequential hypothesis testing and change point detection, which we
aim to present within the context of those areas. Beginning with hypothesis testing in
Section 2, after describing the testing setup and optimality of the sequential probability
ratio test (SPRT) in Section 2.1.1, Lorden’s findings on multiparameter testing and their
application to near-optimality of the multihypothesis SPRT are covered in Section 2.1.2.
We then cover Lorden’s fundamental inequality for excess over the boundary in Section
2.2. Additionally, we explore Lorden’s contributions to the Keifer-Weiss problem of
testing while minimizing the expected sample size at a parameter value between the
hypotheses and other results stemming from his work (Section 2.3), optimal testing of
composite hypotheses (Section 2.4), and optimal multistage testing (Section 2.5). In
Section 3 we cover Lorden’s fundamental minimax change point detection theory and
related advancements in the field.
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2. SEQUENTIAL HYPOTHESIS TESTING

In this section, we delve into Lorden’s contributions to hypothesis testing, encompassing
the challenges of excess over the boundaries of random walks, the formulation of nearly
optimal multi-decision sequential rules (including multihypothesis tests and multistage
tests), and the modified Keifer-Weiss problem. These topics were extensively explored in
the seminal Lorden’s papers (Lorden 1967, 1970, 1972, 1973, 1976, 1977b, 1980, 1983).

2.1. Multihypothesis Testing

2.1.1. The General Multihypothesis Testing Problem

One of Lorden’s major fundamental contributions is the proposal of a multihypothesis
sequential test that achieves third-order asymptotic optimality in the independent and
identically distributed (i.i.d.) case, akin to Wald’s SPRT when error probabilities are
small. Further details will be provided in Subsection 2.1.2. Additionally, extensions to a
more general non-i.i.d. case, where observations may exhibit dependency and nonidenti-
cal distributions, have been explored in Lai (1981), Tartakovsky (1998, 2020, 2024), and
Tartakovsky, Nikiforov, and Basseville (2015).

We begin with formulating the following multihypothesis testing problem as addressed
by Lorden (1977b). Let (Q,#,% ,,P), n€ Z, ={0,1,2,...}, be a filtered probability
space, where the sub-g-algebra 7, = g(X") of Z is generated by the sequence of random
variables X" = {X;, 1 <t<n} observed up to time n, which is defined on the space
(Q, F) (F is trivial). The focus lies on the N-decision problem of testing the hypotheses
H;:P=P;, i=1,..,N, where Py,...,Py are given probability measures assumed to be
locally mutually absolutely continuous; that is, their restrictions P} = P|; and P} =

Pl to #, are equivalent for all 1<n < oo and all i,j=1,..,N, i#j. Let Q" be a
restriction to % , of a nondegenerate o-finite measure Q on (Q, #).

Assume that the observed random variables X, X5, ... are ii.d., so that under P; the
sample X" = (X, ..., X,,) has joint density p;(X") with respect to the dominating meas-

ure Q" for all n € N, which can be expressed as

p(X") =[[f(X), i=1,..N, (2.1)
t=1

where f;(X;) represents the respective density for X, under the hypothesis H;. Hence,
the interest lies in determining which of N given densities f;, ..., fy is true.

A multihypothesis sequential test is a pair 6 = (T, d), where T is a stopping time with
respect to the filtration {#,}, ., and d = d(X") is an # r-measurable terminal decision
function with values in the set {1, ..., N}. Specifically, d = i means that the hypothesis H; is
accepted upon stopping, {d = i} = {T < 00,9 accepts H;}. Let o;j(8) = P;(d = j), i #J,
i,j =1,...,N, denote the error probabilities of the test J; that is, the probabilities of accept-
ing the hypothesis H; when H; is true.

Introduce the class of tests with probabilities of errors o;;(d) that do not exceed the
prespecified numbers 0 < o < 1:

C(a) = {0 : 25(0) <oy for i,j =1,..,N,i # j}, (2.2)
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where a = (o) is a matrix of given error probabilities that are positive numbers less
than 1 (the diagonal entries o; are immaterial).

Let E; denote the expectation under hypothesis H; (i.e., under the measure P;). The
objective is to discover a sequential test that would minimize the expected sample sizes
E;[T] for all hypotheses H;, i = 1,...,N, at least approximately.

For n € N, define the likelihood ratio (LR) and the log-likelihood ratio (LLR) proc-
esses between hypotheses H; and H; as

P X))
apr X = x) Hﬁ()

Aij(n) = log Aji(n) z

t=1

Ajj(n) =

In a particular case of two hypotheses H; and H, (N=2), Wald (1945, 1947) intro-
duced the SPRT. Let Z, = log[fi(X;)/f>(X;)] be the LLR for the observation X,, so the
LLR for the sample X" is the sum

Ja(n) = Ay = sz’ n=12,.. (2.3)
=1

Letting ap < 0 and a; > 0 be thresholds, Wald’s SPRT 6. (ag,a;) = (T., d,) is

1 if ;LT* = a;

T.(ag,a;) = inf{n >1:0, ¢ (ao,al)}, d.(ag,a;) = {2 if A < ao. (2.4)

In the case of two hypotheses, the class of tests (2.2) is defined as
Clog,011) = {6 : (8) < otg and o1 () <o },

where o, represents the upper bound on the type I error (false positive) probability
0o(0) = 212(0), and o, represents the upper bound on the type II error (false negative)
probability o (0) = 01 (9).

Wald’s SPRT possesses an extraordinary optimality property: it minimizes both the
expected sample sizes E;[T] and E,[T] within the class of sequential (and nonsequential)
tests C(op, ;) as long as the observations are ii.d. under both hypotheses. In other
words, E;[T.] = infscc(yy,s) Ei[T] for i=0, 1, as established by Wald and Wolfowitz
(1948) through a Bayesian approach.

Lai (1981) proved that the SPRT is also first-order asymptotically optimal as
max (0, o;) — 0 for general non-ii.d. models with dependent and non-identically dis-
tributed observations when the normalized log-likelihood ratio n~'4, converges 1-
quickly to finite numbers I; under P;.

The central idea of Lorden’s investigation, elaborated in detail in Section 2.1.2, is
that, similar to how the SPRT is strictly optimal in the class C(op, ;) for any error
probabilities oy and o, combinations of SPRTs exhibit third-order asymptotic optimal-
ity for multihypothesis testing problems involving any finite number of densities when
probabilities of errors are small.
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2.1.2. Near-Optimality of the Multihypothesis SPRT
The problem of sequentially testing many hypotheses is substantially more complex
than that of testing two hypotheses. Identifying an optimal test in the class (2.2) that
minimizes expected sample sizes for all hypotheses H;,..., Hy, is daunting. Hence, a
significant portion of the development of sequential multihypothesis testing in the 20th
century has focused on the exploration of certain combinations of one-sided SPRTs. See
Armitage (1950), Chernoff (1959), Kiefer and Sacks (1963), and Lorden (1967, 1977b).
The results of Lorden’s ingenious paper (Lorden 1977b) are of fundamental impor-
tance because they establish third-order asymptotic optimality of the accepting multihy-
pothesis test that he proposed. More specifically, Lorden established that just as the
SPRT is optimal in the class C(o,a;) for testing two hypotheses, certain combinations
of one-sided SPRTs are nearly optimal in a third-order sense in the class C(a); that is,
subject to error probability constraints, expected sample sizes are minimized to within
the negligible additive o(1) term:

5i&f)Ei[T} =Ei[T.]+0(1) as oy — 0 forall i=1,..,N, (2.5)
ceC(a

where tma = max; < j<n, iz and T, is the stopping time of the multihypothesis test
d,, which is defined below.

We now define a test proposed by Lorden, which we will refer to as the accepting
matrix SPRT (MSPRT). Write V' = {1,...,N}. For a threshold matrix A = (A;); ;cr-
with A;; > 0 for i#j and the Aj; are immaterial (0, say), define the MSPRT 4, =
(T.,d,), built on one-sided SPRTs between hypotheses H; and H;, as follows:

Stop at the first n > 1 such that, for some i, A;(n) > Aj; for all j # i, (2.6)

and accept the unique H; that satisfies these inequalities. Note that for N=2 the
MSPRT coincides with Wald’s SPRT.
Let a;; = log Aj;. Introducing the Markov accepting times for hypotheses H; as

T;=inf[n>1: min [4;(n)—a;] =0|, i=1,..,N, (2.7)
1<j < N
j#i
the test in equation (2.6) can also be written in the following form:
T.= min T d,=i if T,=T;. (2.8)
1<j<N

Thus, in the MSPRT, each component SPRT is extended until, for some i € A/, all
N—1 SPRTs involving H; accept H,.

The MSPRT is not strictly optimal for N> 2, but it is a good approximation to the
optimal multihypothesis test. Under certain conditions and with some choice of the
threshold matrix A, it minimizes the expected sample sizes E;[T] for all i=1,...,N to
within a vanishing o(1) term for small error probabilities; see (2.5).

Consider first the first-order asymptotic criterion: Find a multihypothesis test
0x(a) = (di(a), Ti(a)) such that

inf sec(a) Eil T]

am:xnlo BT (a)] =1 foralli=1,..,N. (2.9)
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Using Wald’s likelihood ratio identity, it is easily shown that o;;(d.) < exp (—ay;) for
i,j=1,..,N, i#j, so selecting a;; = |loga;| implies 0. € C(a). These inequalities are
similar to Wald’s in the binary hypothesis case and are very imprecise. Using Wald’s
approach, it is rather easy to prove that the MSPRT with boundaries a; = |loga;| is
first-order asymptotically optimal, minimizing expected sample sizes as long as the
Kullback-Leibler information numbers I = E;[/;(1)] are positive and finite; see
Tartakovsky, Nikiforov, and Basseville (2015, section 4.3.1).

In his ingenious paper, Lorden (1977b) substantially improved this result, showing
that with a sophisticated design that includes accurate estimation of thresholds account-
ing for overshoots, the MSPRT is nearly optimal in the third-order sense (2.5).

Specifically, assume the second-moment condition

Ei[4(1)]* < o0, ij=1,...N (2.10)

and define the numbers

3

L= exp{ Zl Pi(4j(n) > 0) + Pi(Z;(n) < )]}, i,j=1,..,N. (2.11)

These numbers are symmetric, £; = Lj;, and 0 < £; <1 (£; = 1). Furthermore,
L =1 only if the measures P} and P} are singular so that the absolute continuity

assumption is violated.
For i,j € N (i # j) and a > 0, define one-sided SPRTs

ti(a) = inf{n > 0: Z;(n) > a}. (2.12)

Using a renewal-theoretic argument, the numbers £;; are tightly related to the over-
shoots in the one-sided tests. If the LLR /;(1) is non-arithmetic under H;, then

Lij={ly, (= algrgl() Ei{ exp [-(4j(zij(a)) — a)] } (2.13)

(see, e.g., theorem 3.1.3 in Tartakovsky, Nikiforov, and Basseville 2015).

It turns out that the £-numbers play a significant role both in the Bayes and the fre-
quentist frameworks. They facilitate the adjustment of boundaries necessary to achieve
optimality.

Consider the Bayes multihypothesis problem with the prior distribution of hypotheses
7 = (mo(1),....mo(N)), where m(i) = P(H;), and the loss incurred when stopping at
time T=mn and making the decision d=j while the hypothesis H; is true is L,(H;,d =
j»X") = Ljj + cn, where ¢>0 is the cost of making one observation or sampling cost
and where 0 < L;; < oo for i # j and 0 if i =}.

The average (integrated) risk of the test 6 = (T,d) is

N
:ZTC ZL,]P =j)+c ElT]].
i=1 =

It follows from theorem 1 of Lorden (1977b) that, as ¢ — 0, the MSPRT 9.
defined in equation (2.6) with the thresholds Aji(c) = (m(j)/m0(i))L;iLij/c is
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asymptotically third-order optimal (i.e., to within o(c)) under the second-moment con-
dition (2.10):

pe(97) =inf p7(9) +o(c) as ¢ — 0,

where infimum is taken over all sequential or nonsequential tests.

Using this Bayes asymptotic optimality result, it can be proven that the MSPRT is
also nearly optimal to within o(1) with respect to the expected sample sizes E;[T] for all
hypotheses among all tests with constrained error probabilities. In other words, the
MSPRT has an asymptotic property similar to the exact optimality of the SPRT for two
hypotheses. This result is more practical than the above Bayes optimality.

The following theorem provides detailed specifications, resembling theorem 4 and its
corollary in Lorden (1977b). Recall that «;;(0) = P;(d = j) represents the probability of
erroneously accepting the hypothesis H; when H; is true. In addition, denote as () =
Pi(d # i) the probability of erroneously rejecting H; when it is true and f;(6) =
SN w;Pi(d = j) as the weighted probability of accepting H;, where (Wij) jen 1s @
given matrix of positive weights. Recall the definition of the class of tests (2.2) for which

the probabilities of errors P;(d = j) do not exceed prescribed values o;; and introduce
two more classes that upper-bound the weighted probabilities of errors f3;(6) and proba-

bilities of errors &;(9), respectively‘
={0:B;(6)<B; for j=1,...,N}, (2.14)
(& :{5:oci5 <o for i=1,..,N}. (2.15)

If Ajj = Ajj(c) is a function of the small parameter ¢, then the error probabilities
o(c), a;(c), and ﬁ*( ) of the MSPRT J,(c) are also functions of this parameter, and if
Aji(c) — oo, then a;(c), fj(c) — 0 as ¢ — 0. Note that ;(c) =3, o(c), so it also
goes to zero as ¢ — 0. We denote as f*(c) the vector (f{(c), ..., fy(c)), as a*(c) the vec-
tor (a;(c), ... &y(c)), and as a*(c) the matrix (o;(c)); jen-

Theorem 2.1 (MSPRT near optimality). Assume that the second moment condition
(2.10) holds.

i. Ifthe thresholds in the MSPRT are selected as Aji(c) = wj;Lij/c, i,j = 1,...,N, then
EJT*(c)) = inf EJT]+o(1) asc—0 forali=1,..,N, (2.16)
(B (<)

o€
that is, the MSPRT minimizes to within o(1) the expected sample sizes among all tests
whose weighted error probabilities are less than or equal to those of 6" (c).

ii. For any matrix B = (Bj;) (B; > 0, i # j), let A;; = Bji/c. The MSPRT 6" (c) asymp-
totically minimizes the expected sample sizes for all hypotheses to within o(1) as
¢ — 0 among all tests whose error probabilities o;j(5) are less than or equal to

those of 0%(c) as well as whose error probabilities &;(5) are less than or equal to
those of 0" (c); that is,
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EiT*(c)] = inf E;T]+o0(1) asc—0 forali=1,.,N (2.17)
deC(a*(c))
and
EJT*(c)] = inf EJT]+o0(1) asc—0 foralli=1,..N. (2.18)
5e€ (@ (c))

The intuition behind these results is that because the MSPRT is a combination of
one-sided SPRTs t;i(a;;) defined in equation (2.12) and because the {; = L;;/I;; are cor-
rection factors to the error probability bound Pj(t;(aji) < oo) <e™, the asymptotic
approximation

P;i(tij(aji) < o00) = Cije_“ﬁ(l +0(1)) as a; — oo,

works well even for moderate values of a;. So taking aj; = log (I;j/L;«) allows one to
attain a nearly optimal solution in the frequentist problem. The proofs of these results
are extremely tedious and require many nonstandard and sophisticated mathematical
tools developed by Lorden.

Notice that Theorem 2.1 only addresses the asymptotically symmetric case where

loo B (¢ log &* logai(c
im 7gﬁj*( ) =1, lim 7og<ﬁ(C) =1 and lim g7]<) =1L (2.19)
—0 log f;(c) =0 loga;(c) 0 loga(c)

Introducing for the hypotheses H; different observation costs ¢; that may go to 0 at
different rates—that is, setting Aj; = Bj;/c;,—the results of Theorem 2.1 can be general-
ized to the more general asymmetric case where the ratios in equation (2.19) are
bounded away from zero and infinity. This generalization is important for certain
applications.

Lorden’s outlined results and methodologies hold significant potential for application
across various problems and domains. For instance, consider their relevance in the mul-
tistream (or multichannel) problem involving two decisions and multiple data streams,
as explored by Fellouris and Tartakovsky (2017) and discussed in Tartakovsky (2020,
ch. 1). Sequential hypothesis testing within multiple data streams, such as sensors, pop-
ulations, or multichannel systems, carries numerous practical implications and
applications.

Suppose that observations are sequentially acquired over time in N streams. The
observations in the ith data stream correspond to a realization of a stochastic process
X(i) = {Xu(i)},en» where i € N :={1,..,N} and N={1,2,...}. Let Hy be the null
hypothesis according to which all N streams are not affected; that is, there are no
“signals” in all streams at all. For any given non-empty subset of components, # C N,
let H 4 be the hypothesis according to which only the components X(i) with i in % con-
tain signals. Denote by Py and Py the distributions of X under hypotheses Hy and
Hy, respectively. Next, let P be a class of subsets of A/ that incorporates a priori infor-
mation that may be available regarding the subset of affected streams. Denote by |4
the size of a subset #—that is, the number of signals under H—and by |P| the size of
class P; that is, the number of possible alternatives in P. For example, if we know
upper K <N and lower K > 1 bounds on the size of the affected subset or when we
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know that at most K streams can be affected, then P =Pk g ={BCN:
K<|%|<K}and P=Px ={%# C N :1<|%| <K}, respectively.

We aim to test Hy, the simple null hypothesis indicating no signals in any data
stream, against the composite alternative H;, according to which the subset of streams
with signals belongs to P. We denote Py = Py|, and P} =Pyl
probability measures Py and Py to the g-algebra 7, and let po(X") and p4(X") denote
the corresponding probability densities of these measures with respect to some nonde-
generate o-finite measure, where X" = (X, ..., X,) denotes the concatenation of the first
n observations from all data streams.

In what follows, we confine ourselves to the iid. scenario where observations
across streams are independent. Moreover, within specific streams, observations are
also independent, possessing densities g;(x) and fi(x) if the ith stream is unaffected
and contains a signal, respectively. Hence, the hypothesis testing problem can be formu-
lated as

Ho:  p(X") =po(X") = HH& X (i)

i=1t=

Mo p.ﬁ<x">=Hf[ﬁ<X,<i>>x 11 f[gxxt(i»

BEP i€# t=1 ieN\% t=1

Because the hypothesis testing problem is binary, the terminal decision d takes two
values 0 and 1, so d € {0,1} is an & r-measurable random variable such that {d = j} =
{T < o0, H; is selected}, j=0, 1.

A sequential test should be designed in such a way that the type I (false alarm) and
type II (missed detection) error probabilities are controlled; that is, do not exceed given,
user-specified levels. Denote by Cp (o, o;) the class of sequential tests with the probabil-
ity of false alarm below oy € (0,1) and the probability of missed detection below «; €
(0,1); that is,

Cp(ag, 1) = {5 : Po(d =1) <o and max Ps(d =0) gal}. (2.20)

In general, it is not possible to design the tests that are third-order (to within o (1))
or even second-order (to within a constant term O(1)) asymptotically optimal as ooy =
max(o, ;) — 0. Only finding a test T, that minimizes the expected sample sizes Ey[T]
and E4[T] for every # € P to first order is possible; that is,

Eo[T.] ~ inf  Eo[T],

0€Cp (o 1)
Ex[T.| ~ 56@3)1(15 " E4I[T] for all 4 € P,

where E and Ey4 are expectations under Py and Py, respectively.

Hereafter we use the notation x, ~ y, as « — 0 when lim,_(x,/y,) = 1.

Let P be an arbitrary class of subsets of NV. For any # € P, let Ay(n) be the likeli-
hood ratio of H 4 against H, given the observations from all streams up to time #, and
let A4(n) be the corresponding LLR,
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dP" n (X (i
Aﬂ<n>—dpgg”;(( D),

) = logAu(n) = 33 log E(thz }

€A t=1

The natural popular statistic for testing H, against H; at time n is the maximum
(generalized) likelihood ratio (GLR) statistic A (1) = maxzep Ay(n). However, applying
the conventional GLR statistic leads only to the first-order asymptotically optimal test.
To obtain second- and third-order optimality, we need to modify the GLR statistic into
the weighed GLR A (n; 1) = maxyep myAy(n), where n = {m4, % € P} is a probability
mass function on N fully supported on P; that is, my >0 for all € P and
Y sep Tz = 1. The corresponding weighted generalized log-likelihood ratio statistic
is /(n; 1) = maxyep(Ay(n) + logmy).

The generalized sequential likelihood ratio test (GSLRT) 6 = (T, d) is defined as

. 3 3 . 1 if /AI(T 7'[1) > a;
=inf{n >1: A(n; > Alng; < —agt, d= A ,
inf{n (n;m) = ay or A(n;my) o} {O i (T < —ag
where n; = {m; 5,% € P}, j=0, 1 are not necessarily identical weights and ag,a; > 0
are thresholds that should be selected appropriately to guarantee the desired error prob-
abilities; that is, so that T belongs to class Cp(ag, ;) for given o and o with almost
exact equalities. The LLR in the ith stream is 4;(n) = >, log[fi(X.(i))/gi(Xn(i))], so

that A»(n) = >, Ai(n).
The L£-number is

3}—*

Lg = CXP{ Z_ Po A3 > 0) + P@(A@(H) gO)]}, (2.21)

which takes into account the overshoot; compare with Lorden’s £-numbers (2.11).
Denote by d.(m) = (T.(n),d.(r)) the GSLRT with weights

Tty Ty £u
T, = 7 and 7wy g4 = #, B e P. (2.22)
Ly pep(ms/Ly)

> aep(ma L)

The next theorem states that d,(r) is third-order asymptotically optimal, minimizing
the weighted expected sample size E™[T] to within an o (1) term, where E” is expect-
ation with respect to the probability measure P* =" _, 75 Py; that is, the weighted
expectation E*[-| = 3" ,_» 1y Egl].

Theorem 2.2. Assume the second-moment conditions for LLRs Ej|/;(1)]> < oo and
Eol2:(1)]* < 00, i=1,..,N. Let ay and o; approach 0 so that |logo|/|logoy| — 1. If
thresholds a, and a; are selected so that 3*(1:) belongs to Cp(og, 1),
Po(d,(m) = 1) ~ o, and Py(d.(n) = 0) ~ o, then the GSLRT is asymptotically optimal
to third order in the class Cp(og, 01):
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~inf  EMT] = E*[T.(n)] 4+ 0(1) as oyax — 0.
0€Cp (o, 01)

The central idea of the proof of this result is to consider a purely Bayesian sequential
testing problem with the 1+ |P| states “H, : density g for all i=1,..,N” and
“H‘fj : density fy for # € P” and two terminal decisions d=0 (accept Hp) and d=1
(accept H; = U %eprj ). Then we can exploit Lorden’s methods and results to get the
proof. Without Lorden’s (1977b) paper, this would not be possible. Moreover, the whole

idea of using £-numbers for corrections is based on Lorden’s fundamental contribution
to the field.

2.2. Lorden’s (1970) Inequality for the Excess over the Boundary

Partially motivated by seeking improved estimates of the error probabilities and other
operating characteristics of Wald’s SPRT discussed above, Lorden (1970) considered an

>«

upper bound for estimating a random walk’s “worst-case” expected overshoot,

sup E[R,], (2.23)
a=0
where a > 0 is the boundary,
R, = S1(s) —a is the overshoot, (2.24)

Sw = 1_1Z is the random walk, T(a) =inf{n >1: S, > a} is the stopping time,
and, relaxing slightly our notation from Section 2.1.1, here the Z, are i.i.d. random vari-
ables with positive mean m; let Z denote a variate with the same distribution as the Z,.
Wald’s (1946) equation tells us that, whenever the following quantities are finite,
mE[T(a)] = E[St(s)] = a+ E[Ry], so an upper bound on E[R,| provides an upper
bound on the expected stopping time E[T(a)] for the random walk S, to cross the
boundary a. This is closely related to estimates of the expected stopping time E[T.] of
the SPRT in equation (2.4), as we shall see below.

Wald (1947) provided the upper bound for equation (2.23) of sup, . (E[Z —a|Z >
a], which is exact for the exponential distribution and provides reasonable bounds in
some other cases but has serious deficiencies in general: it can be difficult to calculate,
is overly conservative in cases like when the distribution of Z has large “gaps,” and may
be infinite even when E[(Z*)*] < oo, a sufficient condition for finiteness of equation
(2.23). Here and throughout this section, z* = max{z, 0} is the positive part of z.

For nonnegative Z, results from renewal theory (see Feller 1966) provide estimates of
E[R,] close to E[Z%]/m = E[(Z)?]/m for both a=0 and as a — oo. Lorden showed
that this is indeed an upper bound for equation (2.23) more generally: for arbitrary
iid. Z, allowed to be discrete or continuous, and taking both positive and negative val-
ues, a necessary generalization of the renewal theory results for application to sequential
testing and change point detection and analysis in which the Z, are log-likelihood sum-
mands or other sequential test statistic terms.

Theorem 2.3 (Lorden 1970, theorem 1). If Z,Z,,Z,, ..., are i.i.d. random variables with
mean E[Z] > 0 and E[(Z+)?] < oo, then R, as defined in equation (2.24) satisfies
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sup E[R,| < w

az0 E(Z] (225)

Lorden’s proof of this theorem involves a number of characteristically clever techni-
ques, of which we highlight a few here. First, he considered the stochastic process
a+— R,, noting that (w.p.1) it is piecewise-linear, each “piece” having slope —1. Next,
because ar— R, and even a E[R,] can behave erratically and be resistant to estimation
and bounding, Lorden used the smoothing technique instead of estimating fé’ E[R,]da
for b > 0, which is more regularly behaved, as Lorden showed. Finally, the smoothed
expected overshoot fé’ E[R,]da is bounded from above using properties of the process
R, and then bounded from below using the following subadditivity property of the inte-

grand a— E[R,| established from the subadditivity of a— E[T(a)] and Wald’s equation:
For any 0 <a<b,

E[Ra] + E[Rh—a] =E [ST(a)] —a+E [ST(;,_“)] - (b - a)
= mE[T(a)] + mE[T(b—a)]—b (Wald's equation)
> mE[T(b)] — b (sub-additivity of E[T(b)])

E[Sr)] —b (Wald's equation)
= E[Ry].

Returning to the stopping time T, of the SPRT in equation (2.4), now let the Z, be
the log-likelihood ratio terms as in equation (2.3) and ay and a; be the boundaries in
equation (2.4), and expectation and probability are under the alternative hypothesis
density f;. The random walk S, now coincides with the log-likelihood ratio statistic 4,

in equation (2.3), although we continue to use the S notation here for clarity. To relate
T, to T(a;) Lorden observed that

Sr. <min{Sr., a1} + (Sr(a,) — a1), (2.26)
and then applying equation (2.25) to the latter term gives the upper bound

(1 —o0q)a; — oqag n E[(z*)’]

- o (2.27)

E[T.] <

on the expected stopping time of the SPRT under the alternative hypothesis, with a
bound under the null hypothesis obtained analogously. Wald (1947) provided a well-
known upper bound on the type II error probability «;, but in order to apply equation
(2.27) what is needed is clearly a lower bound on «; and a lower bound on oq for the
corresponding bound under the null. Both of these can be obtained by another applica-
tion of Lorden’s theorem, as follows. Wald’s argument gives that

%o

— = E[exp (=Sr1.)|ST, > al].

Using the conditional Jensen’s inequality with a bound like equation (2.26) after multi-
plying by the indicator of the event {S;. > a;}, Lorden obtained

i) > exp|—-E [(STJST* > (11)] = exp l— (al +w)‘| .

1—o0 (1—oq)m
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Using the standard upper bound o; <e ™, this gives

o = (1—e™)exp l—(al —i—(EKL)Z])},

1—e)m

with an analogous lower bound for «;.

Lorden (1970, section 2) also obtained generalizations of equation (2.25) to cases in
which the variates Z, are not necessarily ii.d. They key property is the subadditivity of
T(a), for which Lorden assumed the sufficient condition

E|(2))IT(@) > n| <r ElZ,|T(a) > n]

for some factor r. Under this condition, Lorden obtained analogous bounds on E[R,]
and bounds on the moments sup, - o E[(R,)?] for non-iid. observations Z, (Lorden
1970, theorems 2 and 3), as well as bounds on the tail probability P(R, > x) for ii.d.
observations (Lorden 1970, theorem 4).

Other than his seminal 1971 paper on change point detection, Lorden (1970) is his
most highly cited paper. In addition to its uses in sequential testing, change point detec-
tion, and renewal theory, it has found applications in reliability theory (Rausand and
Hoyland 2003), clinical trial design (Whitehead 1997), finance (Novak 2011), and queu-
ing theory (Kalashnikov 2013), among other applications. Perhaps reflecting its funda-
mental nature and wealth of applications, Lorden’s inequality—as equation (2.25) has
become known—even has its own Wikipedia entry (https://en.wikipedia.org/wiki/
Lorden/%27s_inequality)

2.3. Lorden’s 2-SPRT and the Kiefer-Weiss Minimax Optimality

Suppose that based on a sequence of independent observations {X,}, -, with common
parametric density fp one wishes to test the hypothesis Ho : 0 = 0y versus H; : 0 = 0,
(0p < 0;) with error probabilities at most oy and o;. Even though the SPRT has the
remarkable optimality property of minimizing the expected sample size for both statis-
tical hypotheses Ey,[T], i=0, 1, its performance may be poor when the true parameter
value 0 =1 € (0y,0,) differs from putative ones 0, or 0. Its expected sample size
Ey[T] can be even much larger than that of the fixed sample size of the Neyman-
Pearson test; see, for example, section 5.2 in Tartakovsky, Nikiforov, and Basseville
(2015). Much work has been directed toward finding sequential tests that reduce the
expected sample size of the SPRT for parameter values between the hypotheses.

Let C(ag,01) = {0 : 2;(9) <o;,i = 0,1} denote the class of tests with error probabil-
ities at most o, and o; and let

ESS(og, o) = inf sup Ey[T]
0eC(ag,0n) ¢

denote the expected sample size of an optimal test in the class C(a, ;) in the worst-
case scenario. The problem of finding a test d9 = (To,dp) such that sup,Ey[To] =
ESS(0g, ;) subject to the error probability constraints o, and o; is known as the
Kiefer-Weiss problem. No strictly optimal test has been found so far. Kiefer and Weiss
(1957) presented structured results about tests that minimize the expected sample size
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Eo[T] at a selected point 0 = € (6y,0;), which is referred to as the modified Kiefer-
Weiss problem. Weiss (1962) proved that the Kiefer-Weiss problem reduces to the
modified problem in symmetric cases for normal and binomial distributions. Lorden
(1976) made a valuable contribution to the modified Kiefer-Weiss problem for two not
necessarily parametric hypotheses H; : P = P;, i=0, 1, when the observations X;, X, ...
are i.i.d. and their true distribution P, may be different from P, and P;. Lorden (1976)
introduced a simple combination of one-sided SPRTs, called the 2-SPRT, and proved
that it is third-order asymptotically optimal. Later, Lorden (1980) proved theorems that
characterize the basic structure of optimal sequential tests for the modified Kiefer-Weiss
problem. His work has generated several works related to both the modified Kiefer-
Weiss problem and the original Kiefer-Weiss problem of minimizing the maximal
expected sample size; see, for example, Huffman (1983), Dragalin and Novikov (1987),
and Tartakovsky, Nikiforov, and Basseville (2015, section 5.3).

Consider the following modified Kiefer-Weiss problem. Let (Q, #,%,,P), n€ Z,,
be a filtered probability space where the sub-o-algebra 7, = ¢(X") of Z is generated
by the observations X" = {X;, 1<t<n}. The goal is to test the hypotheses H;: P =
Pi, i=0, 1, where Py, P, are given probability measures that are locally mutually abso-
lutely continuous. The true probability measure is either one of P; or an “intermediate”
measure P, that is also locally absolute continuous with respect to P;. Let Q" be a dom-
inating measure. The observations are iid. under Py, P;,P,, so the sample X" =
(X1,....X,) has joint densities p;(X") = [[,_, fi(X;) for i=0, 1, 2, with respect to Q",
where f;(X;), t > 1, are densities for the tth observation.

For n € N and i=0, 1, define the LR and LLR processes

M) = o ) = T2, o) = togo) = 3 tog [E50),

- dP} 1 fi(Xe) i(X)

with A,(O) =1 and ;ul<0) =0.
Define two parallel one-sided SPRTs:

Ty = inf{n =>1:2(n) = al}, T, = inf{n =>1:(n) = ao}. (2.28)

The stopping time of Lorden’s 2-SPRT (Lorden 1976) is T* = min(Ty, T;) and
the terminal decision is d* = argmin;_ ;T;. If a; = log(1/%;), i=0, 1, then o;(d*) =
P:(d* # i) < o;; that is, this test belongs to class C (g, 01) = {0 : 0t(J) < 0tg, 01 (9) < o1}
These upper bounds may be rather conservative. For example, in the symmetric case
P,(d* =1) = Py(d* = 0) = 1/2, we have o;(0") <o;/2.

Let E, denote expectation under P,, and let I; = E;[4;(1)], i=0, 1, denote Kullback-
Leibler information numbers. The following theorem, proved by Lorden (1976), estab-
lishes third-order asymptotic optimality of Lorden’s 2-SPRT for small probabilities of
errors o;. Its proof is based on Bayesian arguments. This theorem emerges from the-
orem 1 in Lorden (1977b), which was proved a year later.

Theorem 2.4. Let the observations {X,},- , be iid. under P;, i=0, 1, 2. Assume that
the Kullback-Leibler information numbers 1, and I; are positive and, in addition, the
second-moment conditions E,|2:(1)]> < oo, i=0, 1, hold. Let of(ag,a;) and o (ap,ar)
denote the error probabilities of the 2-SPRT 6*(ag,a1) = (T*(ag,a1),d*(ag,a1)). Let
ESS(ag, a1) denote infimum of the expected sample size E,[T] over all tests with Py(d =
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Figure 2. The boundaries h?(n) and hg(n) of the 2-SPRT (solid) and optimal boundaries (dashed) as
functions of n. S¢ = S, — nEy[Xy].

1) < aj(ag,a1) and Py(d = 0) < o (ag, a1). Then
ESS(ay,a1) = E3[T*(ag,a1)] + o(1) as min(ag,a;) — o0, (2.29)

where o(1) — 0 as min(agp, a;) — 0.

This theorem implies that if the thresholds ay and a; in the 2-SPRT are selected so
that the error probabilities of(ag,a1) = o9 and o(ag,a;) = oy are exactly equal to
the given values o and oy, then it is third-order asymptotically optimal as o, — 0
in the class C(o, ;). The requirement of exact error probabilities can also be relaxed
to the asymptotic equalities o (a9, a;) = o;(1 + o(1)), i=0, 1.

The significance of this result cannot be overstated, because Lorden’s simple test is
nearly optimal. Simultaneously, the optimal test can be computed using Bellman’s back-
ward induction algorithm because the optimal sequential test is truncated, meaning that
it has a bounded maximal sample size, as demonstrated by Kiefer and Weiss (1957).
For one-parameter exponential families {Pg, 0 € 6}, the optimal bounds exhibit curva-
ture in the (S,,n) plane, where S, =Y /| X;, and determining them typically entails
substantial computation. In contrast, Lorden’s 2-SPRT approximates optimal curved
boundaries with simple linear ones, resulting in a continuation region shaped like a tri-
angle, as illustrated in Figure 2.

Lorden (1976) performed an extensive performance analysis for testing the mean 0 of
the Gaussian distribution X, ~ N (0,1) with the hypotheses H;: 0 =0;, (i=0, 1) in
the symmetric case where oy = o; and P, ~ N (0,,1), 0, = (0o + 61)/2. The conclu-
sion is that the 2-SPRT performs very closely to the optimal test with its curved boun-
daries obtained using backward induction. The efficiency depends on the error
probabilities, but it was over 99% in all of his performed experiments. Similar results
were obtained by Huffman (1983) for the exponential example fy(x) =
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0e~*, x >0, 0> 0. Here the 2-SPRT has efficiency over 98% and almost always over
99% for a broad range of error probabilities and parameter values.

The results of Theorem 2.4 can be extended to the multiple hypothesis case with
N+1 hypotheses, N> 1. Specifically, the modified matrix SPRT is also third-order
asymptotically optimal as o, = maxg<i<n® — 0 in the class of tests

C(a) = {0:04(0) <oy for i=0,1,..,N},

where o;(0) = P;(d # i) and a = (0, 3, ..., 0y) is a vector of given error probabilities;
cf. Tartakovsky, Nikiforov, and Basseville (2015, theorem 5.3.3, page 240).

Lorden’s results have sparked further research into the minimax Kiefer-Weiss prob-
lem, which aims to establish near-optimal solutions for the least favorable intermediate
distribution P, within the single-parameter exponential family. Consider the parametric
case P, =Py, P; =Py where the hypotheses are H,:Po=Py and H;:P; =
Po,, 0y < 6. Let 0 be an arbitrary point belonging to the interval (6, 0;) and let
0%(0) = (d*(0), T*(0)) denote the 2-SPRT tuned to 6. In other words, T*(0) =
min(TY, T?), where the Ts are defined by equation (2.28) with the LLRs 1/(n) =
log[dPp/dP3](X"), i=0, 1, tuned to 0.

Theorem 2.4 implies that the 2-SPRT 6(0) is third-order asymptotically optimal for
minimizing Ey[T] at the intermediate point 0 € (0p,0,) when the second moments
EplAJ(1)]* and Eg|A(1)|* are finite and the thresholds a; are selected so that the error
probabilities are either exactly equal, or at least close, to the given numbers «; a chal-
lenging task. However, setting a; = |log ;| embeds the 2-SPRT into the class C(ag, ),
and Theorem 2.4 suggests that if one can find a nearly least favorable point 0" —that is,
0" can be selected so that sup, Eg[T*(0%)] ~ Ey[T*(0")]—then 6*(6") is an approximate
solution to the Kiefer-Weiss problem of minimizing sup, E[T].

For the single-parameter exponential family with density {fy(x),0 € ®}, where

ORI

) expq(0—0)x— (b(0) —b(0)) ¢, (2.30)
with b(0) being a convex and infinitely differentiable function on O C O, it is feasible
to identify the nearly least favorable point 0" (o, o, 6p, 0;) such that the 2-SPRT with
thresholds a; = log(1/a;) achieves second-order asymptotic minimaxity, meaning that
the residual term in the discrepancy between the expectation of the sample size of the
optimal test and the 2-SPRT is of order O(1) for small «;. Initially addressed by
Huffman (1983), who proposed 0 (a, 1, 0o, 6,) leading to a residual term of order
o(|log«|'/?), this problem was further advanced by Dragalin and Novikov (1987), who
demonstrated the second-order optimality of Huffman’s version of the 2-SPRT.

As previously noted, the formulas a; =|logo;|, ensuring the inequalities
%;(6%(0)) <oy, tend to be overly conservative. A refinement can be achieved by observ-
ing that

1 (8*(0)) = Po(T* = T0)e™ Eg{ e-@=A (N 7= = 17},
20(3*(0)) = Po(T* = T Eq{ @A 7 = 70 |
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where, asymptotically as a; — oo,
Ee{e—wo—zz(ﬁ»m _ T{)} g Eg{e—wl—z‘f(ﬂ;»w* _ Tg} N

For the non-arithmetic case, C? can be computed using the renewal-theoretic argu-
ment similar to (2.11) and (2.13):

10, exp{ i;[ >0)—|—P(}f’( ) < )}},

where 1(0,0;) = (0 — 0,)b(0) — (b(0) — b(6;)) are the Kullback-Leibler numbers.

The efficiency of Lorden’s 2-SPRT in stopping to both reject and accept the null was
appealing in clinical trial designs, where these actions are known as efficacy and futility
stopping. Lai and Shih (2004) extended the 2-SPRT from the fully sequential setting to
the group sequential setting while maintaining its efficiency and balancing the trade-off
between efficacy and futility stopping.

C(‘)

2.4. Near-Uniform Optimality of the GLR SPRT for Composite Hypotheses

For practical purposes, it is considerably more significant to devise tests that minimize
the expected sample size Ey[T] for all possible parameter values (i.e., uniformly optimal)
rather than to address the minimax Kiefer-Weiss problem of minimizing Ey[T] at a least
favorable point. In this section, our primary objective is to explore the design of sequen-
tial tests that are at least approximately uniformly optimal for small error probabilities
or asymptotically Bayesian for a small cost of observations for testing composite
hypotheses.

Consider a sequence of ii.d. observations X, X,,..., originating from a common
distribution P, with density fy(x) with respect to some nondegenerate sigma-finite
measure, where the /-dimensional parameter 0 = (0,...,0,) belongs to a subset ®
of the Euclidean space R’. The parameter space ® is partitioned into three disjoint
sets @y, ®;, and liy; that is, ® = @y U O, Uly,. The objective is to test the two
composite hypotheses Hy : 0 € ®y against H; : 0 € ®;. The subset |, of ® denotes
an indifference zone where the loss L(6,d) associated with correct or incorrect deci-
sions d is zero; that is, no constraints on the probabilities Py(d = i) are imposed if
0 € li,. The introduction of an indifference zone is typically motivated by the recog-
nition that in many applications, the correct action is not crucial and often not
even feasible when the hypotheses are very close. However, in principle, l;, may be
an empty set.

We aim to find a sequential test 6 = (T,d) that minimizes the expected sample size
Eo[T] uniformly for all 0 € ® in the class of tests C(a, ;) in which the maximal error
probabilities supy.q Po(d # i) are upper-bounded by the given values:

0€0®y 0€®,

C(og, 01) = {5 s sup Py(d =1) <oy and sup Py(d = 0) < ocl}. (2.31)
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Thus, we are interested in the frequentist problem of finding a test dop; such that

inf Ey[T] = Eg[Top] uniformly in 0 € ©. (2.32)
0€C(og, 1)

Unfortunately, such a uniformly optimal solution does not exist, and one has
to resort to finding asymptotic approximations for small error probabilities. In the
frequentist setting, it is possible to find first-order asymptotically optimal tests that
satisfy

lim inf ¢ sy, 4,) EolT]
Omax—0 EQ[T]

=1 for all 0 € ®. (2.33)

In addition to the frequentist problems (2.32) and (2.33), it is of interest to consider
a Bayesian approach putting an a priori distribution W(0) on ® with a cost ¢ per
observation and a loss function L(0) at the point 0 associated with accepting the incor-
rect hypothesis and find asymptotically optimal tests when the cost ¢ is small. The
Bayes average (integrated) risk of a sequential test 6 = (T,d) is

P () :/M L(O)Py(d = 1)W(d0) +/

0= 0,

L(0)Py(d = 0)W(d0) + c[ Eo[TIW(d0).
[©)

It turns out that in the Bayesian context, it is possible to find tests that are not only
asymptotically (as ¢ — 0) first-order optimal, infsp/¥(6) = p}’(8)(1 + o(1)), but also
second-order optimal—that is, inf; p)'(8) = p!'(8) + O(c)—and even third-order opti-
mal; that is, inf; )" (8) = pY(8) + o(c).

In the case of the one-parameter exponential family (2.30), using optimal stopping
theory, it can be shown that the optimal Bayesian test dopt = (Topt> dopt) is

Tope = inf{n >1: (S,,n) € Bc}, dope =j if (Spn) € B, j=0,1,

where S, = X; +---+ X, and 4, = 932 U 932 is a set that can be found numerically.

Schwarz (1962) derived the test 6*() with O = {0,} being the maximum likelihood
estimator (MLE) of 0 as an asymptotic solution as ¢ — 0 to the Bayesian problem with
the 0 — 1 loss function. Specifically, the a posteriori risk of stopping is

fo exp {0S, — nb(0)} W(do)
RY(S,) = mi : ,
i=0,1 | [ exp {08, — nb(0)} W(d0)
where ©) = {0< 0}, ©; = {0 > 0,}. Schwarz showed that %./|logc| — %y as ¢ — 0

and proposed a simple procedure: continue sampling until R$(S,) is less than ¢ and
upon stopping accept the hypothesis for which the minimum is attained in equation

(2.34)

(2.34). Denote this procedure by d(c) = (T(c),d(c)). Applying Laplace’s asymptotic
integration method to evaluate the integrals in equation (2.34) leads to the likelihood
ratio test where the true parameter is replaced by the MLE 0,. This approximation pre-

scribes stopping sampling at the time T(0) = min(To(f), T1(0)), where
Ti(0) = inf{n : supycg [0S, — nb(0)] = [0;S, — nb(0;)] = |logc|}. (2.35)
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The terminal decision rule d(0) of the test 6(0) = (T(0),d(0)) accepts H, if 0: <
0", where 0" is such that I(0%,0,) = I(0", 0;). Note also that

T = inf{n > 1: nmax [1(9,1,90),1(@),,,61)} > |log c|} (2.36)

The tests that use the MLEs of unknown parameters are usually referred to as the
GSLRT.

Wong (1968) showed that the GSLRT & is first-order asymptotically Bayes as ¢ — 0 :

w(do)
® ImaX(Q)
where o (0) = max{I(6,6,),1(0,0,)}.

Kiefer and Sacks (1963) showed that the procedure 6(c) = (T(c),d(c)) with the

stopping time T(c) = inf{n >1:R(S,) <c}, proposed by Schwarz (1962), is also
first-order asymptotically Bayes. In other words, for any prior distribution W,

|log |
Inax(6)

pCW(S) ~ irgfpfv(é) ~ c|log | . EplT] ~ for every 0 € O,

pY(5(c)) behaves asymptotically like infsp/(d) as ¢ — 0. Lorden (1967) refined
this result by introducing the stopping region as the first n such that R%(S,) < Qc,
where Q is a positive constant, and demonstrated that it can be made second-order
asymptotically optimal; that is, infsp!(9) = p¥(6(Qc)) +0O(c) as ¢— 0, and
infs p¥' (6) = O(c|logc|). It is noteworthy that the problem addressed by Lorden
(1967) is more general than what we are discussing here because it encompasses
general iid. models, not limited to exponential families, and multiple-decision cases.
Additionally, see Lorden (1972) for multiple hypotheses in one-parameter exponen-
tial families.

A significant advancement in Bayesian theory for testing separated hypotheses
about the parameter of the one-parameter exponential family given by the equation
(2.30) was made by Lorden (1977a; an unpublished manuscript). In this work,
Lorden demonstrated that the family of GSLRTs can be devised to ensure third-
order asymptotic optimality. This implies that they achieve the Bayes risk to within
o(c) as ¢ — 0.

Lorden provided sufficient conditions for families of tests to be third-order asymptot-
ically Bayes and presented examples of such procedures based not only on the GLR
approach but also on mixtures of likelihood ratios. Furthermore, the error probabilities
of the GSLRTs were evaluated asymptotically as a consequence of a general theorem on
boundary-crossing probabilities.

Due to the significance of this work, let us delve into a more detailed overview of
Lorden’s theory. It is worth noting that the paper by Lorden (1977a) extends the results
obtained by Lorden (1977b) for multiple discrete cases, which we discussed in
Subsection 2.1.2, to the continuous parameter case.

The hypotheses to be tested are Hy : 0 <0< 0y and H; : 0 =0 > 0,, where 0 and 0
are interior points of the natural parameter space ®. Let 0, € [0,0] be the MLE that
maximizes the likelihood over 0 in [0, @]. Lorden’s GSLRT stops at T, which is the min-

imum of the Markov times To, Tl defined as
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PO 1 (X R R
To(0) = inf{n >1 Zlog fO”EXk)) ho(G,,)l >aand 0, > 9*},

- 0y (X

= (2.37)
T1(0) =inf{n>1 ilog 0, (%X0) h(0,)| =a and 0,<0" ¢,

% | fo, (Xk)

where a is a threshold, 0" satisfies I(0%,00) = I(0%,0,), and hy, h, are positive continu-
ous functions on [0%,0],[0,0"], respectively. The hypothesis H; is rejected when T =
T;. To summarize, Lorden’s family of GSPRTs is defined as

NP U PP SR ~ )0 if T(0) =Ty
7(0) = min{T0(0), 7:(0) }, d_{l £ 700 _ 1 (2.38)

with the T;(0)’s in equation (2.37).
Denote by

- Jo(Xi)
In(0,0;) = kz:; log [/o,- (Xk)] = (0= 0)S, — [b(0) — b(0,)]n
the LLR between points 0 and 0;.

Lorden assumed that the prior distribution W(6) has a continuous density w(6) posi-
tive on [0, 0] and that the loss L(0) equals zero in the indifference zone (0o, 0;) and is
continuous and positive elsewhere and bounded away from 0 on [0, 0] U [0, 0]. The
main results in Lorden (1977a, theorem 1) can be briefly outlined as follows:

i.  Under these assumptions, the family of GSLRTs defined by equations (2.37) and
(2.38) with a = |logc| —3log|logc| is second-order asymptotically optimal; that
is,

pI(3) = inf pl(9) + () as ¢ 0,
where p!(0) is the average risk of the test 6 = (T,d) :

0 _
p¥(8) = /00°L(6)Pg(d = 1)w(0)dO + /0 L(0)Py(d = 0)w(0)d6 + ¢ /OOE(;[T]W(H)dH.

ii. This result can be improved from O(c) to o(c); that is, to the third order,

A~

p(8) = inf p2(3) +0(c) as c— 0,

making the right choice of the functions hy and h; by setting

_ 2n w(0)[b(0) —b(0)] . _
hil0) = 12(0,0,)b(0) w(0:)L(0:)(0,0;) P=0h
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where ((0,0;) = L£(0,0;)/1(0,0;) is a correction for the overshoot over the boundary,
the factor that is the subject of renewal theory. Specifically,

0,0, = hm Eg exp{ [ (0,0;) - ]}, T, = inf{n :Aa(0,0;) = a}, (2.39)

where in the non-arithmetic case {(6, 6;) can be computed as

—

£(0,0:;) =

10,0 exp{ i— Po(2,(0,0;) <0) + Py, (1,(0,0;) > 0)] } (2.40)

n

Because the Bayes average risk inf; p)¥(J) is of order c|logc|, this implies that the

asymptotic relative efficiency &, = [p?’(é) — infs pl¥ ()] /p?’(S) of Lorden’s test is of
order 1 —o(1/|logcl|) as ¢ — 0.

Note the crucial difference between Schwarz’s GSLRT (equation 2.35) and Lorden’s
GSLRT (equation 2.38). In the Schwarz test, h; =1 and the threshold is set as a =
|logc|. However, in the Lorden test, two innovations emerge. Firstly, the threshold is

reduced by 1 and, secondly, adaptive weights ;(0,,) are incorporated into the

GLR statistic. Because the stopping times T; can be written as

~>

o(0) =inf{n>1:7,(0,00) > a— logho(D,) and 0, > 0"},

R R (2.41)
T1(0) =inf{n>1:4(0,0,) > a loghi(0,) and 0, <0},

Lorden’s GSLRT can alternatively be perceived as the GSLRT with curved adaptive
boundaries

A 1 A
a;(0,) = |log | —Elog|logc| — loghi(0,), i=0,1,

which depend on the behavior of the MLE 0,. These two innovations render this modi-
fication of the GLR test nearly optimal.

Given the complexity of Lorden’s formal mathematical proof, we offer a heuristic
sketch that captures the main ideas of the approach. The Bayesian perspective naturally
guides us toward the mixture LR statistics

N fg e051=1b(0)1(0)d0
- — b j - 0) 1’
" o LO) Oy (0)do”

where ®y = [0, 0], =1[0,,0], and L(0) =1 for the simple 0—1 loss function.
Indeed, the a poster10r1 stopping risk is given by
L OS —nb(0 0)do
R¥(S,) = min Jo, w(0) ) (2.42)
=01 fe e0Si=nb(0)(0)d6

A candidate for the approximate optimum is the procedure that stops as soon as

R(S,) <A, for some A, ~c. This is equivalent to stopping as soon as max—g A,
> 1/A.. The GLR statistics are approximated as
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() o!Su—nb(0)

/A\l maxge[g)é] maxee[gﬂ ' o1
- ~ > 1= b >
" maxgeg, elS—nb(0) 0:8,—nb(0;)

and the stopping posterior risk (equation 2.42) is approximated as

. 1/2
0,)L(6;)|b(6,)/2 .
RY(S,) ~ 1 inW( )A( )[ ( )./ nn} g n(0n:01) (2.43)
=01 w(0,)|b(0;) — b(0,)]

where i=0 if 0,<0" and i=1 otherwise. These approximations stem from Laplace’s
method for asymptotic integral expansions and its variations.

Subsequently, Lorden demonstrated the existence of Q> 1 such that if the stopping
risk exceeds Qc, then the continuation risk becomes smaller than the stopping risk.
Therefore, it is approximately optimal to stop at the first instance such that RS falls
below Qc. This finding, coupled with the approximation given by equation (2.43),
results in Tope &~ min(tg, 1), where

7= inf{n : e_i”(é"’e")/fli([),,)nl/z < Qc} = inf{n : 2n(0,,0) = — log [nl/zl;i(f)n)Qc}}

- o w(0)[b(0,) — b(0;)|
hi(en)—m w(0)L(0)

For small ¢, the expectation Eg[t;] is of order |logc|, so n'/
1/2

with £;(0,) given by

2 can be replaced by

|logc|”~, which yields

T = inf{n (0, 0) = — log {c| logc|1/2Ql~1i(@n)] }

Note that these stopping times look exactly like the ones defined in equation (2.41)
with the stopping boundaries

a:i(0,) = |log c| —%log|log c| — log [Qﬁi(@n)}, i=0,1.

The test based on these stopping times is already optimal to the second order.
However, to achieve third-order optimality, one must carefully choose the constant Q to
address the overshoots. Specifically, leveraging this result, Lorden demonstrated that the
risks of an optimal rule and of the GSLRT are both linked to the risks of the family of
one-sided tests 7,(0) = inf{n : 1,(0,0;) = a}, which are strictly optimal in the problem

p()(Xn)

If we set a = log[vL(0,0;)], then by taking Q = 1/£(0,0;) the resulting test will be
nearly optimal to within o(c). Because 0 is unknown, we need to replace it with the esti-

. . L p@(Xn)
p(@,v)zn%f{EgT+VF’gi(T<oo)}:1rT1fE(; T—|—vg ’ :

mate én to obtain
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. 1 - . .
a;(0,) = |logc| —Elog|log | - log[ i(Hn)/E(Hn,H,-)}

1 R
= |log¢| —Elog|log c| — log [h,»(@n)]

It is intriguing to compare Lorden’s approach with the Kiefer-Sacks test that stops
the first time RS' becomes smaller than c. Lorden’s approach allows us to show that the
test with the stopping time

T = inf{n: RS, <c/L(0)

where £(0,) = £(0,,6,) if 0, < 0" and L£(0,) = L(0,,0,) otherwise, is nearly optimal
to within o(c). It is worth recalling that the factor {(0,0;) = I(0,0;)™" £(0,0;) provides a
necessary correction for the excess over the thresholds at stopping; see equation (2.39).
This offers a significant enhancement over the Kiefer-Sacks test, which disregards the
overshoots. Notably, this improvement is not limited to testing close hypotheses when
L(0,0;) < 1. Even in cases where the parameter values are well separated, this correc-
tion could be crucial. For instance, in the binomial case with the success probabilities
0; = 0.6 and 6y = 0.4, we have £(0;,0y) ~ 1/15, so Lorden’s test will terminate much
earlier.

Certainly, it is important to note that implementing Lorden’s fully optimized GSLRT
may encounter difficulties. This is primarily because computing the numbers ((6, 0;)
analytically is often not feasible, except for specific models such as the exponential. For
instance, when testing the mean in the Gaussian case, these numbers can only be com-
puted numerically. Though Siegmund’s (1985) corrected Brownian motion approxima-
tions can be utilized, they are sufficiently accurate only when the difference between 0
and 0; is relatively small. Hence, for practical purposes, only partially optimized solu-
tions, which provide O(c)-optimality, are typically feasible. A workaround involves dis-
cretizing the parameter space.

Let &(0) =Py(d =1), 0 € Oy = [0,0,] and & (0) = Py(d =0), 0 € ©; = [0,,0]
denote the error probabilities of the GSLRT d,. Note that due to the monotonicity of
8i(0), supgeg, ®i(0) = 2;(0;). In addition to the Bayesian third-order optimality prop-
erty, Lorden established asymptotic approximations to the error probabilities of the
GSLRT. Specifically, by theorem 2 of Lorden (1977a),

8;(0;) = ae*C;i(0;)(1 4+ 0(1)), i=0,1 as a— oo, (2.44)
where
; -
Co(0p) _/G*C(H, 00)ho(0) % do,
) -
Ci(0) :/9 €0, 01)h (0) % <

and where {(6,0;), i=0, 1, are defined in equations (2.39) and (2.40). These approxi-
mations hold significance for frequentist problems, which are typically of primary inter-
est in most applications. Though there are no strict upper bounds on the error
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probabilities, leading to no specific prescription on how to embed the GSLRT into class
C(o,01), the asymptotic approximations (equation 2.44) enable us to select thresholds
a; in the stopping times T,- so that 4;(0;) = a;, i=0, 1, at least for sufficiently small o;.
Note that in this latter case, the threshold a in equation (2.41) should be replaced with
a;, the roots of the transcendental equations

1
a; — EIOgai = IOg[Ci(Q,’)/OCi], i=0,1.

With this choice, the GSLRT is asymptotically uniformly first-order optimal with
respect to the expected sample size; that is,

inf  Ey[T] = E()[T](l +0(1)) as omay — 0 for all 0 € [Q, @],

0€C(otgy 1)

where the o(1) term is of order O(log|log oimay|/|10g otmayx|)- It is noteworthy that this
result holds true not only in the asymptotically symmetric case where logog ~ logo;
and ag ~ a; as e — 0 but also in the asymmetric case where gy and a; diverge with
different rates, as long as a;e™® — 0.

Note that the Schwarz-Lorden asymptotic theory operates under the assumption of a
fixed indifference zone that does not permit local alternatives, meaning that 0; cannot
approach 0y as ¢ — 0. In simpler terms, this theory is confined to scenarios where the
width of the indifference zone 0, — 0, is considerably larger than c'/2.

We conclude this section by mentioning Lorden’s (1973) paper on the properties of
the one-sided (open-ended) GSLRTs for the one-parameter exponential family. These
tests reject a null hypothesis 0 = 0, in favor of 0 > 0, within the class of stopping times
satisfying Py, (T < co) < o for a prescribed 0 < o < 1/3.

2.5. Optimal Multistage Testing

What is the fewest number of stages for which a multistage hypothesis test can be
asymptotically equivalent to an optimal fully sequential test? Lorden (1983) took up this
question and reached the definitive answer of needing three stages in general, except in
a special symmetric situation in which two stages are possible, described in the next sec-
tion. Here, “needing three stages” means allowing the possibility of three stages,
although Lorden’s optimal procedures can (and do, with probability approaching 1) ter-
minate earlier; see Section 2.5.3. Lorden (1983) showed this first in the simple vs. simple
testing setup and then for testing separated composite hypotheses in an exponential
family. In this area again, Lorden’s work was groundbreaking and formed the founda-
tion for later, more general theoretical investigations in optimal multistage testing (e.g.,
Bartroff 2006a, 2006b, 2007; Xing and Fellouris 2023) and in applications to clinical trial
designs where the problem is sometimes known as “sample size adjustment” or “re-
estimation” (e.g., Bartroff and Lai 2008a, 2008b; Bartroff, Lai, and Shih 2013). In this lit-
erature especially, multistage procedures are often referred to as group sequential.
Throughout this section, ii.d. observations are assumed.
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2.5.1. Simple vs. Simple Testing: Multistage Competitors of the SPRT
Beginning with the simple vs. simple testing setup of Section 2.1.1 and adopting the
notation there, some of Lorden’s main ideas can be seen by first considering the sym-
metric case where the error probabilities o, ; — 0 in such a way that

logoy!  logog?
Iy Lo

(2.45)

Letting A, be the LLR statistic in equation (2.3) and ¢t — oo an argument parameter-
izing o, — 0, Lorden (1983) began by arguing that there is a sample size n =
n(t) = t such that n =t + o(t),

Po(—=4, < tly) — 0, and P;(1, <tl;) — 0. (2.46)
More explicitly, this is achievable by taking n = t + ¢, with
VI 6 < t (2.47)

because, assuming finite second moments E,-[)»f] < 00, Chebyshev’s inequality gives
var,(4,)/n
B(1—t/n)’
which, ignoring constants, under equation (2.47) is
I/n  n  t+06
(L=t/n)? & 5

Py (< th) <

=o0(1) ast— oo.

A similar argument shows that the other probability in equation (2.46) approaches 0 as
well.

In this symmetric situation, an optimal two-stage competitor to the SPRT can be
described in terms of n(t), which is the size of the first stage with t taken to be the
larger of the two sides of equation (2.45). Note that, for either i=0 or 1, we have tI; ~
logo;!. so that  is asymptotically the same as the expected stopping time of the SPRT
(under either hypothesis) and the first stage n(t) is of the same order but slightly larger.
The procedure stops after the first stage if

Iy & (logon, logog™), (2.48)

making the appropriate terminal decision. Using equation (2.46), the probability under
the null of terminating and making the correct terminal decision after this first stage is

Po(Znry < logon) = Po(=Auy = logoy') = Po(=2uey = ty) — 1, (2.49)
with a similar argument showing that
P1(An) = log ozgl) — 1. (2.50)

Otherwise, the test continues to a total sample size n,, which is that of the fixed-sam-
ple-size test with error probabilities o, ; and uses that terminal decision rule. This can
be accomplished in at most n, < Ct < Cn(t) total observations for some constant C.
Thus, under the null, the total expected sample size is at most
log ot
n(t) + Cn(t)Po(Zu) > logen) = n(H)[1 +o(1)] ~  ~ =271,
0
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and is of the same order I;! logag' under the alternative by a similar argument. By def-
inition of the two stages, the procedure has type I error probability at most 20y and
type II error probability at most 204, so repeating the construction with «;/2 replacing
o; (i=0, 1) controls the error probabilities at the nominal levels and does not affect the
asymptotic estimates above. Thus, this two-stage procedure is asymptotically as efficient
as the SPRT in this symmetric case.

If the asymptotic equivalence equation (2.45) does not hold but we assume that

-1
logicxo—l is bounded away from 0 and oo, (2.51)
log o}

Lorden showed that no two-stage test can be asymptotically optimal, itself a nontri-
vial result that we discuss in the next section. For this case Lorden gives a three-stage
procedure that is a slight modification of the one above. Letting t; and ¢, be the left-
and right-hand sides of equation (2.45), respectively, the first stage of the procedure is
of size min{n(t;),n(t,;)}, and the second stage (if needed) brings the total sample size
to max{n(t;),n(t,)}, both using the stopping rule equation (2.48) and corresponding
decision rule. If not stopped by the second stage, a third stage brings the total
sample size to that of the fixed sample size with error probabilities o;, which is
< Cmax{n(t;),n(t,)} as above, and wuses that terminal decision rule. Because
n(tis1) ~ i1 ~ logap!,/I; for both i=0, 1, and equations (2.49) and (2.50) hold for
n(t;) and n(t;), respectively, the expected sample size of this three-stage procedure is
asymptotically equal to the corresponding side of equation (2.45) and is thus minimized
under both the null and alternative.

2.5.2. The Necessity of Three Stages

Continuing with the simple vs. simple testing setup of the previous section, Lorden’s
(1983, corollary 1) result mentioned above that, in the absence of symmetry equation
(2.45), three stages are necessary for asymptotic optimality is far from obvious because
it may seem that the first two stages of the three-stage procedure defined above would
suffice. That is, why is it that a first stage of min{n(t,),n(t,)} and (if needed) a second
stage giving total sample size max{n(t,),n(t,)} would not be optimal? One clue may be
that, if that were true, then the same reasoning would seem to imply that a single-stage
test could be optimal under symmetry equation (2.45), which is known to not hold.
More generally, Lorden provided the following general result about asymptotically opti-
mal k-stage (k > 2) tests: that their expected sample size after k—1 stages must be
asymptotically the same as after k stages. In other words, the final stage of an asymptot-
ically optimal multistage test is asymptotically negligible in size but necessary. In what
follows, let I(f, g) denote the information number for arbitrary densities f, g.

Theorem 2.5 (Lorden 1983, theorem 3). For testing f, vs. f; in the setup of Section 2.1.1,
let N denote the sample size of a k-stage (k = 2) test with error probabilities oy and o,
and let M be the total sample size of this test after k-1 stages. If N is asymptotically opti-
mal as o, 01 — 0 and g is a density distinct from fy such that

log o;! 50! (8. /1)
logog! 1(g. fo)
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for some Q>0 as ag, 01 — 0, then

-1 -1
— yziaz) in g-probability,and Eg[M] ~ i(()gg,—:g) ~ E,4[N] as o9 — 0.

Lorden’s proof of this theorem is technical and requires detailed upper bounds on
the conditional error probabilities after the (k — 1)st stage; that is, the probabilities of
test error given the first M observations. Roughly speaking, showing that these error
probabilities are small shows that their corresponding sample size M must be large, so
large in fact that it is asymptotically equivalent to its maximum value N.

Lorden (1983, corollary 1) then used Theorem 2.5 to show that there is an asymptot-
ically optimal two-stage test if and only if the symmetry condition equation (2.45) holds,
with the construction of the two-stage test above providing the “if” argument. For the
converse, applying Theorem 2.5 with ¢ = f; shows that the first stage of an optimal

two-stage test must be asymptotic to (logag')/I;. After reversing the roles of f; and f;
in the theorem and applying it again with g = f;, it also shows that the first stage must
be asymptotic to (loga;!)/Iy, establishing symmetry equation (2.45).

2.5.3. Composite Hypotheses

For testing separated hypotheses 0 < 0y vs. 0 > 0, > 0, about the one-dimensional par-
ameter 0 of an exponential family, Lorden (1983, section 3) constructed an asymptotic-
ally optimal three-stage test utilizing a description of the optimal stopping boundary
related to Schwarz’s (1962) study of Bayes asymptotic shapes for fully sequential tests,
described in Section 2.4. Let n(0) denote the expected sample size to Schwarz’s bound-
ary under 0. Lorden’s test utilizes the “worst-case” competing parameter value 0 €
(6o, 0,) that maximizes the expected sample size n(0") = maxgn(0) = n*. The first stage
size of Lorden’s procedure is a fixed fraction of n*. If the procedure does not stop after
the first stage, utilizing Schwarz’s boundary, the second stage brings the total sample

size to min{n*, (1 +¢)n(0)}, where 0 is the MLE of 0 from the first-stage data and
¢\, 0 is a chosen sequence. Finally, if needed, the third stage brings the total sample
size up to n*. Under equation (2.51), Lorden (1983, theorem 1) proved that this test
asymptotically minimizes the expected sample size to first order, not just for 0 in the
hypotheses but uniformly in 0 over any interval in the parameter space containing
[0o, 01]. The first order term is of order loga; !, as above, and the second order term is
of order O(((log ") log log 1)), i=0, 1.

These results were extended to asymptotically optimal three-stage tests of multidi-
mensional parameters in Bartroff (2006a) and Bartroff and Lai (2008a), and more gen-
eral multidimensional composite hypotheses in Bartroff and Lai (2008b). On the other
hand, Lorden’s procedures were generalized to optimal k-stage tests, for arbitrary k > 3,
in Bartroff (2006b, 2007).

Regarding the necessity of three stages in this composite hypothesis setting, Lorden
(1983, corollary 2) proved that, under equation (2.51), three stages are necessary (and
sufficient, by his own procedure) for asymptotic optimality at more than three values of
0, and so certainly for asymptotic optimality over an interval of 0 values, as in Lorden’s
result. An interesting detail that shows this result to be best possible is that an optimal
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two-stage test can be constructed at three values of 0 if the special symmetry condition
1(0',00)I(09,0,) = I(0, 0,)1(01, 6p) holds for some 6 # 0y, 0,. Then a two-stage proced-
ure similar to the one described in Section 2.5.1 that uses second-stage total sample size
of logag!/I(6, 0,) will be optimal at the three values 0 = ¢, 6, and 0,.

3. SEQUENTIAL CHANGE POINT DETECTION: LORDEN’S MINIMAX CHANGE
DETECTION THEORY

In numerous practical applications, the observed process undergoes an abrupt change in
statistical properties at an unknown point in time. Examples encompass aerospace navi-
gation and flight systems integrity monitoring, cybersecurity, identification of terrorist
activity, industrial monitoring, air pollution monitoring, radar, sonar, and electro-optics
surveillance systems. Consequently, this problem has garnered interest from many prac-
titioners for some time.

In classical quickest change point detection, the objective is to detect changes in the
distribution as swiftly as possible, thereby minimizing the expected delay to detection
assuming that the change is in effect.

More specifically, the change point problem posits that one obtains a series of obser-
vations X, X, ..., such that, for some value v, v € Z; = {0,1,2,...} (the change point),
X1, X5, ..., X, have one distribution and X,1,X,.5,...., have another distribution. The
change point v is unknown, and the sequence {X,}, -, is being monitored for detect-
ing a change. A sequential detection procedure is a stopping time T with respect to the
Xs, so that after observing X;, X5, ..., Xr it is declared that a change is in effect. That is,
T is an integer-valued random variable, such that the event {T = n} belongs to the
sigma-algebra %, = (X, ..., X,) generated by observations Xj, ..., X,,.

Historically, the field of change point detection began to take shape in the 1920s to
1930s, spurred by considerations in quality control. Shewhart’s charts were particularly
influential during this period (Shewhart 1931). However, optimal and nearly optimal
sequential detection procedures did not come into prominence until much later, in the
1950s to 1970s, following the advent of sequential analysis (Wald 1947). The concepts
initiated by Shewhart and Wald laid the foundation for extensive research into sequen-
tial change point detection.

The desire to detect the change quickly often leads to being “trigger-happy,” which,
on one hand, results in an unacceptably high false alarm rate; that is, terminating the
process prematurely before a real change has occurred. On the other hand, attempting
to avoid false alarms too strenuously causes a long delay between the true change
point and its detection. Thus, the essence of the problem lies in achieving a trade-off
between two conflicting performance measures: the loss associated with the delay in
detecting a true change and that associated with raising a false alarm. An efficient
detection procedure is expected to minimize the average loss associated with the
detection delay, while subject to a constraint on the loss associated with false alarms,
or vice versa.

Let p,(X") = p(X1, ..., Xn|v) denote the joint probability density of the sample X" =
(X4, ..., Xn) when the change point v is fixed (0 <v < 00) and p(X") the joint density
when v = oo; that is, when there is never a change. Let P,,P,, and E,,E denote the
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corresponding probability measures and expectations. Assume that the observations
{Xu}, > are independent and such that Xj,...,X, are each distributed according to a
common (prechange) density fo(x), while X,1,X,2,..., each follow a common (post-
change) density f(x). Hence, the model can be represented as

HfO(X,) X Hfl(X) forn>v+1
=1 =1 ' 3.1)

pu(X") = g
Po(X") = Hfo(Xt) for 1I<n<v
t=1
Note that we assume that X, is the last prechange observation, which is different
from many publications (including Lorden’s) where it is assumed that X, is the first
postchange observation. The diagram below illustrates this case:

Xl) ---9X1/ > XV+1>XV+2>-~~ .
—_——— —— —

Lid.,fy iid.,f

Denote by H,, : ¥ = oo the hypothesis that the change never occurs and by H, the
hypothesis that the change occurs at time 0 < v < co. Let Z; = log[fi(X;)/fo(X:)] denote
the LLR for the tth observation X,.

We now introduce the cumulative sum (CUSUM) detection procedure, which was
first proposed by Page (1954). The change point detection problem can be viewed as a
problem of testing two hypotheses: H, that the change occurs at a fixed point 0 <v <
oo against the alternative H,, : ¥ = oo that the change never occurs. The LLR between
these hypotheses is 4, =", ., Z; for v < n and 0 for v > n. Because hypothesis H,
is composite, we may employ the GLR approach, maximizing the LLR /, over v, to
obtain the log-GLR statistic:

W, = max Z Z, (3.2)
t=v+1
which follows the recursion
Wo=W,.1+2Z,)", n=1W,=0. (3.3)

This statistic is called the CUSUM statistic. Page’s CUSUM procedure is the first
time n > 1 such that the CUSUM statistic W,, exceeds a positive threshold a:

T,=inf{n>1: W, > a}. (3.4)

Page (1954) proposed measuring the risk due to a false alarm by the mean time to
false alarm E[T] and the risk associated with a true change detection by the mean
time to detection Ey[T] when the change occurs at the very beginning. These are com-
monly known as the average run length (ARL). Page also analyzed the CUSUM proced-
ure defined by equations (3.2) to (3.4) using these operating characteristics.

Though the false alarm rate is reasonable to measure by the ARL to false alarm
ARLFA(T) = Ex[T], the risk due to a true change detection is better measured by the
conditional expected delay to detection E,[T — v|T > v| for any possible change point
v € Z,, rather than by the ARL to detection Ey[T]. Ideally, a good detection procedure
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should guarantee small values of the expected detection delay for all change points v €
7, when ARLFA(T) is set at a certain level. However, if the false alarm risk is meas-
ured in terms of the ARL to false alarm—that is, it is required that ARLFA(T) > y for
some y > 1—then a procedure that minimizes the conditional expected delay to detec-
tion E,[T —v|T > v]| uniformly over all v does not exist. For this reason, we must
resort to different optimality criteria, such as Bayesian and minimax criteria.

The minimax approach posits that the change point is an unknown not necessarily
random number. Even if it is random, its distribution is unknown.

Lorden (1971) was the first to address the minimax change detection problem and
developed the first minimax theory. He proposed to measure the false alarm risk by the
ARL to false alarm ARLFA(T) = EL[T]; that is, to consider the class of change detec-
tion procedures C(y) = {T : ARLFA(T) >y} for some y >1 and the risk associated
with detection delay by the worst-case expected detection delay

ESEDD(T) = sup {ess sup E,[(T —v)"|X;,... X, ] }. (3.5)
0< <o

In other words, the conditional expected detection delay is maximized over all pos-
sible trajectories (Xj,...,X,) up to the change point and then over the change point v.

Lorden’s minimax criterion is

ir%f sup ess sup, E,[T-v|T > v,%,] subject to ARLFA(T) >,

v=0
that is, Lorden’s minimax optimization problem seeks to

Find T,y € C(y) such that ESEDD(Top) = Tgé{”) ESEDD(T) for every y > 1. (3.6)

Lorden (1971) demonstrated that Page’s CUSUM procedure achieves first-order
asymptotic minimax optimality as y approaches infinity. This groundbreaking finding
marked the initial optimality result in the minimax change detection problem. Given
the significance of this outcome and the widespread adoption of Lorden’s minimax cri-
terion not only within statistical circles but also across various practical domains, we
proceed to provide further elaboration.

To establish the asymptotic optimality of Page’s CUSUM procedure, Lorden
employed an intriguing method that permits the utilization of one-sided hypothesis tests
to assess a collection of change detection procedures, among them Page’s method. Let
7 = 7() be a stopping time with respect to X;,X,, ..., such that

Po(t < o0) <o, (3.7)

where o € (0,1). For k =0,1,2,..., define the stopping time 7, obtained by applying 7
to the sequence Xy, 1, X1, ..., and let T = ming > o(1x + k).

The subsequent theorem, resembling theorem 2 in Lorden (1971), empowers the con-
struction of nearly optimal change detection procedures and facilitates the demonstra-
tion of the near-optimality of the CUSUM procedure. It is important to recall that P,
denotes the distribution characterized by the density fy(x), and P, corresponds to the
distribution with density fi(x).

Theorem 3.1. The random variable ©* is a stopping time with respect to X1,Xs, ..., and if
condition (3.7) is satisfied, then the following two inequalities hold:
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E '] = 1/o (3.8)
and

Eolt*] < Eo[t]. (3.9)
The cumulative LLR for the sample (Xii1,...X,) is Ak =31, Z: Let t(2) =

inf{n >1:7 > |loge|} denote the stopping time of the one-sided SPRT for testing f;
versus f; with threshold |loga|. Then P (t(x) < co) <o, so condition (3.7) holds. If
the Kullback-Leibler information number I = E([Z;] is positive and finite, then it is
well known that

1
Eole(0)] = @(1 +o(1)) as o — 0.
Next, note that the CUSUM statistic defined in equation (3.2) is the maximum of ¥
over k > 0, so the stopping time of the CUSUM procedure defined in equation (3.3)
can obviously be written as T, = miny > o{ () + k} = t* for a = a, = |logo|, where

(o) = inf{n >1:75,, > |loga|}.

It follows from Theorem 3.1 that setting o = y~' gives E[T,] =7, so T, € C(y),

and

1
OIgV(l +o0(1)) asy— oo.

ESEDD(T,) = Eo[T,,] =

To complete the proof of the first-order asymptotic optimality of the CUSUM pro-
cedure with threshold a = a, = log?y, it suffices to establish that this is the best one
can do; that is, to prove the asymptotic lower bound

1
inf ESEDD(T) > —2”(1 4+ 0(1)) as y — oo, (3.10)
TeC(y) I

which also yields

inf ESEDD(T) ~ %87  ESEDD(T, ) as 7 — oo.
TeC(y) 1 !

Theorem 3 of Lorden (1971) establishes this fact using a rather sophisticated argu-
ment. Note, however, that Lai (1998) established the lower bound given by equation

(3.10) in a general non-ii.d. case, assuming that n='1”, converges to a positive and

v+n
finite number I as n — oo under a certain additional condition. In the ii.d. case, by the
Strong Law of Large Numbers (SLLN) n~'4/, converges to the Kullback-Leibler infor-

mation number I almost surely under P,. This implies that as M — oo for all ¢ > 0,

1 1
sup P,,{— max A > (1 —|—s)I} = PO{— max A0 > (1+ ?)I} — 0. (3.11)

) Mo<n<M Mo<n<M

Using equation (3.11), the lower bound equation (3.10) can be obtained from the-
orem 1 in Lai (1998).

To handle a composite parametric postchange hypothesis, which is typical in many
applications, let fy(x) be the postchange density, where 6 € ®. Denote Z,(0) =
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log[fo(Xx)/fo(X4)]. Then, inequality (3.9) in Theorem 3.1 holds for expectation Egy[t*].
Addltlonally, assuming that the Kullback-Leibler information number I(0) = Ey[Z,(0)] is
positive and finite, the asymptotic lower bound given by equation (3.10) holds with I(0);
that is,

logy
Tgéf} ESEDDy(T) > 0) (1+0(1)) asy— oo, (3.12)

where ESEDDy(T) = sup, ., ess sup E, ¢[(T-v)"|#,] and E, is the expectation

~

under P, y when the change occurs at v with the postchange density fj.
Lorden (1971) addressed the composite hypothesis for the exponential family given
by equation (2.30) with fo = fy—o; that is,

Jo(Xn)
= exp{0X,-b0)}, 0€0O, n=12,..,
k) ~ P }
where b(0) is a convex and infinitely differentiable function on the natural parameter
space @, b(0) = 0. Let ©® = © — 0.
To find asymptotically optimal procedures by applying Theorem 3.1 along with
inequality (3.12), we need to determine stopping times, 7(y) € C(y), such that

Po(t(y) < o0)<1/y for y>0 (3.13)
and
logy ~
Eolz(y)] = 100) (140(1)) asy—oo forall 0€0, (3.14)

where I(0) = 0b(0) — b(0).
The LLR for the sample (Xii1, ..., Xy) is

Xy)
= s | TTHS

where Sﬁ = X1 + - - - + X,,. Define the GLR one-sided test

t(h) = inf{n >1: sup [982 - nb(@)] > h(y)},

0> 10:]

= 08" — (n—k)b(0),

where 0; may be either a fixed value if the alternative hypothesis is 0 < — 0; or 0 = 0,
or 0;(y) — 0 as y — oo if the hypothesis is 0 # 0. Lorden demonstrated that

Po(t(h) < 00) < exp {—h(y)} [1 + min(I(ZEj)),)I(—Hl)]’ (3.15)

so h(y) can be selected so that h(y) ~ logy as y — oo. Hence, equations (3.13) and
(3.14) hold. Applying t(h) to Xi:1, Xk+2,..., We obtain the stopping time t(h), so that
7°(h) = ming > o(tx + k) is the stopping time of the GLR CUSUM procedure,

(h) = inf{n >1: max sup [0S, —(n—v)b(0)] > h(y)}.

0<V<n0>| ‘

Thus, the GLR CUSUM procedure is asymptotically first-order minimax.
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The inequality (3.15) is usually overly pessimistic. A much better result gives the
approximation Py(t(h) < 00) ~ \/h(y) exp {—h(7)}C, which follows from equation
(2.44). However, the latter one does not guarantee the inequality Py(z(h) < oo) <77,
and therefore the inequality E..[t*(h)] = 7.

Later, Lorden and Pollak (2005, 2008) proposed adaptive Shiryaev-Roberts and
CUSUM procedures that utilize one-step delayed estimators of unknown postchange

parameters 0. In these procedures, an estimate @n_l(Xl,...,Xn_l) is used after observ-
ing the sample of size n, similar to the Robbins-Siegmund one-sided adaptive SPRT;
see Robbins and Siegmund (1972, 1974). They compared the performance of these
adaptive procedures with that of the mixture-based Shiryaev-Roberts procedure.
Notably, these adaptive procedures are computationally simpler than the GLR
CUSUM procedure.

We conclude with some remarks on later, related developments.

4. REMARKS

1. Fifteen years later, Moustakides (1986) advanced Lorden’s asymptotic theory by
demonstrating, using optimal stopping theory, that the CUSUM procedure is
strictly optimal for any ARL to false alarm y > 1 if the threshold a = a(y) is
chosen such that ARLFA(T,) = y.

2. Shiryaev (1996) showed that the CUSUM procedure is strictly optimal in the
continuous-time scenario for detecting the change in the mean of the Wiener
process according to Lorden’s minimax criterion.

3. Pollak (1985) introduced a distinct minimax criterion aimed at minimizing the
supremum expected detection delay sup, - o E[T — v|T > v|. Additionally, Pollak
proposed a modification of the conventional Shiryaev-Roberts (SR) procedure
known as the SRP procedure, which initiates from a randomly distributed point
following the quasi-stationary distribution of the SR statistic. He proved that this
procedure is third-order asymptotically minimax, minimizing sup, . ,E[T —
v|T > v] to within o (1) as y — oo within the class C(y).

4. Tartakovsky, Pollak, and Polunchenko (2012) proved that the specially designed
SR-r procedure that starts from a fixed point r = r(y) is third-order asymptotic-
ally optimal with respect to Pollak’s measure sup,, . ( E[T — v|T > v] within the
class C(y) as y — oo.

5. Polunchenko and Tartakovsky (2010) demonstrated that the specially designed
SR-r procedure, which commences from a predetermined point r = r(y), is
strictly optimal with respect to Pollak’s measure sup, - o E[T — v|T > v| within
the class C(y) for a specific model.

6. Pollak and Tartakovsky (2009) proved strict optimality of the repeated SR pro-
cedure that starts from zero in the problem of detecting distant changes.

7. Moustakides, Polunchenko, and Tartakovsky (2009) conducted a thorough com-
parison of CUSUM and SR procedures, demonstrating that CUSUM outperforms
SR in terms of the conditional expected detection delay E,[T — v|T > v for rela-
tively small values of the change point v. However, SR proves to be more effect-
ive than CUSUM for relatively large v.
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